On the estimation of the pseudo-stoichiometric matrix for mass balance modeling of biotechnological processes by Bernard, Olivier & Bastin, Georges
On the estimation of the pseudo-stoichiometric matrix
for mass balance modeling of biotechnological processes
Olivier Bernard, Georges Bastin
To cite this version:
Olivier Bernard, Georges Bastin. On the estimation of the pseudo-stoichiometric matrix




Submitted on 23 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de





























appor t  

de  r ech er ch e 
THÈME 4
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE
On the estimation of the pseudo-stoichiometric
matrix for mass balance modeling of
biotechnological processes
Olivier Bernard — Georges Bastin
N° 4977
October 2003
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

































cp]7^%m"qocelFmHl| κ ¦XZY\^%m7^ r ciqou%f"qoqjkY\^
c
r




























∗ ÊCË#ÌﬂÊ¸ÍﬂÎAÏÐÑ0ÐÌ#ÒÓWÔÕLÖ×SØ/ÙÚÖÙÛÜÝÞSßWàâákÎ¸Íãä§àåÞ|Ýæåàåç#ÏTètéSè}êvØ/ë/ì§á.ãSítèÓ|è­Î¸îá.àåæiï Ýæåà ðàåè}ìtñ ò|è}ìAã/á.ìóé/ôàåãWìóàâáSñ õeì
† öÏ÷FÎAÏÒTÜÍÑ`ÒﬂØSátðvñTøñW÷ è}îákùåä§ìAè&ú.ÎCÚSØIût×.úü(÷ ÝýSðá.àåãÎ¸÷dákÎCËﬂètýðèØ|ÔTè}æåþàåýWî,Óè­Î¸îá.àåæiïdò/á.çAä§àåã/ôá.ýSä§ÝWñ ýSítæiñ á.íñ ò|è
  )
 4}












	    hvm"qu%^n"hvn\ce^yPm"lvf"qPn"yolFnlIqtlFm"q&f\m"^]jkY\l r ^©nLlvf\y r %jo^%yk]7cem"^%ygihq}jkyof"ujof\yk^ r f"m\^
]¥h/jkyociu^ r ^©n"qo^%f r lHuld^¡¢ucp^%mFj.q(q}jkl ^u.Y\cp]%joykcIf\^Sq κ r f\m6]7l r [ge^©Ł"hFqqtf\y(f\m6Ł"cegih|m r ^©]¥hvqkqo^v¦
ﬀ#hn\yk^%]7cp[%yk^ﬁ%jkh|nL^(u%lvm"qociq}jk^ﬃﬂ^qtjocp]7^%ygp^m\lF]Ł\yk^ r ^yhvujocplvm"q If\c r lFce«v^mFj!%joyk^n\yociqo^q#^%m5u%lv]7ndjo^
nLlFf\yHyk^%n\yqo^%mFjk^%yHge^SqHn\yocpm"u%cen"hvfdw joy.h|m"qtC^%yojkq r ^ﬁ]¥hFqoqo^ﬁh|f:qt^cem r f Ł\cplvyhFujk^%f\yS¦~^%gih¤ClFf\yom"c£j
gih r cp]7^%m"qocplvm r ^ κ ¦ Çlvf"q r ciqou%fdjolFm"q¢^%m"qof\cejo^ r ^¤g  c r ^%mFjkc£¨hvŁ\cpgecej" r ^Sq6ul ^%¡¥u%ce^mFj.q r ^ κ ^%j
n\yklvnLlIqtlFm"qZf\m\^]jkY\l r ^nlFf\yge^Sqc r ^%mIjoce¨"^%yS¦¬#cpm"hvge^]H^mFjS»m\lFf"q«vl/svlvm"qulF]7]H^mFjqge^Sujocplvm"m\^%y
n"hvyo]7c©f\m ^%m"qo^%]Ł\gp^ r ^<qkukY#]¥hvq6y"hFujkcelFm\m\^%giq¢nLlFqkqoceŁ\gp^qu^fdw$If\c,qolvmFjﬁh r %If"h|jocplvm hW«v^u?gp^q
r lFm\m#%^Sq r ciqonLlvm\cpŁ\gp^q¦©~^q]%joY\l r ^q©qolvmFj©cegpgpf"q}jky"^qhW«v^u r ^Sq r lvm\m&%^qy"^%gpge^Sq r ^gph6uyklvciqoqkh|m"u%^
^%j r ^gph¢Ł\cpl|joy.h|mq}Clvyk]¥h/jkcelvm r fu.Y"h|]7n\cpvm\lFmﬁ¨gphv]H^mFjk^%fdw®Z¯v°±T².³d²|´µ ¶7°·¸±T¹Fºk¹/´·¸±±"µ ¶»Thvcem"qoc If\^





















Æ  Å ﬀﬂﬁddﬃ Å
 
 "!






¤ Á  Å%$  Á \|ﬀ Å

 '
d¦)( bIjkh|jo^%]7^mFjlv#joY\^`n\yklvŁ"ge^] ¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦ 
d¦å XZY\^%lFyo^%jociu%h|g r ^jk^%yk]Hcpm"h|jocplvmﬁl|
dim(Im(K)) ¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦ 
d¦  x&ykhFujkcpuh|g r ^jk^%yk]7cem"h|jocplvmﬁl|#jkY\^`mIf"]Ł^yl|yk^hvujocplvm"q¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦ 
d¦ \¦)(  h/j.hHn\ykldu^Sqoqocpm\+*cemIjo^yonLlFgph|jocplvmﬁhvm r qt]7l lvjoY\cpm\¤¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦ ,
d¦ \¦å  h/j.hHm\lFyo]¥h|gpc)-h/jkcelFm¤¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦ ,
d¦ \¦  ~lFm"ugpf"qocelFm6ClvyZjkY\^ r ^%jo^%yk]7cemh/jocplvmﬁlv#joY\^`mIf"]ŁL^%yl|yk^hFujocplvmq,¦,¦`¦,¦`¦,¦ ,




Å/$ < Á \|ﬃ Å
0
Á  Ä5Å ﬃ1 2
\¦)( bIjkh|jo^%]7^mFjlv#joY\^`n\yklvŁ"ge^] ¦,¦`¦,¦`¦,¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦`¦,¦ 
























































































































ζ = (ζ1, ζ2, . . . , ζnζ )














ciq©joY\^ r cegpfdjkcelFm<ykh|jo^5]¥h/jkyocew?yk^%n\yk^qo^%mIjocpm\¢jkY\^HY s r ykhvf\geciu%q©]7^u.Y"hvm\cpqo]¥q6AcemKlWq
hvm r lvfdj K"lWq(hvm r nLlFqkqtcpŁ\gp^yk^jo^mFjkcelFm 8 hFqoqolducih/jk^ r cejoY6joY"^©«|h|ykcelFf"qPqonL^u%ce^Sqcem6joY\^yk^hvujolFy¦XZY\^
^%wdu.Y"hvm\v^7l|(]¥h|jtjo^y0cem Ihvqo^%lvf"q©ClFyo] ŁL^%j­^^%m jkY\^¢qof\ykyolFf\m r cpm\;h|m r joY"^¥yk^hvujocplvm<]7^ r cef"] cpq
yk^%n\yk^qo^%mIjo^ r ŁIs¢joY"^`Fhvqo^%lFf"q K"l/ ykh|jo^ Q(ζ, ψ) ¦
XZY\^©jo^yo] κ r(ζ, ψ) yk^%n\yk^qo^%mIjkqPjoY"^Ł\cplvgplvFcpuh|gLhvm r Ł\cel\ukY\^]7cpuh|gTu%lvm «v^%y.qtcplvm"qPcpm6jkY\^yk^hFujolFy
6AnL^%yf\m\cejlv\jocp]7^ 8 hvuulvy r cpm\jol©joY\^(f"m r ^%ykges cpm\©yk^hFujocplvm0m"^j}lvykªT¦#XZY\^
(nζ×nr) ]¥h/jkyocew κ ciqh
u%lvm"qtjkhvmFjqtjolvciu.Y\celF]7^joykciu gecpªv^ul ^%¡¥u%ce^mFj]7h|joykc£w¦
r(ζ, ψ) = (r1(ζ, ψ), r2(ζ, ψ), . . . , rnr (ζ, ψ))
T
ciqh?«v^SujolFy0lv  Á "|ﬀ Å

W\ Á  6ClFy5ulvm «v^%y.qtcplvm ykh|jo^q 8 ¦ Q(ζ, ψ) h|m r r(ζ, ψ) hvyo^6qtf\n"nLlFqo^ r jol
r ^nL^%m r lFm jkY\^ﬁqtjkh|jo^
ζ




?h/jkyocew κ n\gphWsdqzh,ªv^%s5yolFge^cem7jkY\^]7hFqoq&Łh|gih|m"u^]7l r ^gecpm\"¦  jPciqzhFqoqolducih/jk^ r c£jkY¢h,yo^ShvujkcelFm
m\^%j­(lvykª;Y\ciu.Y<ciq,qof\n\nLlFqo^ r jol;vl/«v^%ykm?joY\^¥u%lvm"qoc r ^%yk^ r n\ykldu^Sqoq¦0Phvu.Y<gecpm\^7l|PjkY\^7]7h|joykc£wu%lvyo
yk^qonLlvm r qjkllFm\^ 6CŁ\cpl 8 ukY\^]7cpuh|g&qonL^ucp^qcpmI«vlvgp«v^ r cpmjkY\^Hn\ykldu%^qkq%¦0zhvu.Y ulFgef\]7m<l|PjoY\^7]¥h/joykcew


























































































































































	 ³¶%µ"¾v² ¶ ²/·A°	F·ó²ó´·A°¥¹§´· 
 
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 
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u%lv]7n\gp^wdc£j}s *&yk^hvg r h/j.hHlv#jkY\^`Fyol/ZjoY;h|m r Ł\cpl|jkykhvm"q}ClFyo]¥h/jkcelFm6lv#jkY\^,¨gphv]H^mFjklvf"qZCf\m\Fc®Z¯v°±T²




























































































ξ(t)− ξ(t− T ) −
∫ t
t−T









η(t) = ξ(t)− ξ(t− T ) −
∫ t−T
t
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u%h|mHŁL^Z^qtjocp]¥h/jo^ r h|gplvm\©jocp]7^(Cyklv] jkY\^hW«/hvcegih|Ł"ge^]7^Shvqof\yo^]H^mFj.q%¦XZY\^Z«|h|gpf\^
lv#joY\^`cpmFjk^%vy.h|gcem 6C_ 8 uh|mﬁŁL^0ulv]7n\f\jo^ r  
å¿ 
PcejoY?h5joy.h|nL^ﬀ-%^,hvn\n\yklSwdcp]¥h/jkcelFm¦
6Á  d<1& ;lvyk^F^%m\^ykhvgegpsv» cpmﬁlFy r ^y(jol7cp]7n\yklW«v^joY\^0ugp^hvm\cem"Hlv#joY\^ r h|jkh 6Cm\lFcpqo^,yo^ r f"ujocplvm
hvm rr ce]7cpmIfdjkcelFm l|©h|f\joldu%lvykyo^%gih/jocplvm 8 hvmIs gpcpm\^hvyHqku%hvgphvy0¨"gejo^y7uh|mŁL^ﬁh|n\n"gecp^ r jkl 6ó 8 hvm r cegpg
gp^h r jol6h7gecpm\^Sh|yyk^%gih/jocplvmqtY\cpnﬁlvjoY"^qohv]7^,j­s nL^hvq 6§ 8 ¦(XZY"^`]7l/« cem\¢hW«v^%y.h|v^ 6A 8 jkY"h/j^0Y"hW«v^
n\yk^qo^%mIjo^ r ClFyqohvªv^lvqtcp]7n\geciucej}s6ciqZl|u%lvf\y.qo^lvm\gps¢lFm\^,^w\h|]7n\gp^,l|qof"u.Y;h5¨"gejo^yocpm\"¦
 m r ^%^ r »ce
G(s, θ)




Y(s) = G(s, θ)U(s) = KG(s, θ)W(s)































































































cem jkY\^qo^%If\^gó¦ E ^6Ł\f\cpg
r
joY\^m jkY\^
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σ1 0 . . . 0






































^SulF]HnLlIqtcejocplvm:jkY\^%lFyo^] G ,J ¦b cem"u%^
rank (M) =
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XZY\^ r h|jkhulFgegp^ujo^ r lvmhŁ\cpl|jk^u.Y\m\lvgplvFciu%h|gvn\ykldu^Sqoqlv¸jo^%myk^qof\g£j#CyolF] «|h|ykcelFf"qﬂqohv]Hn"gecpm\©q}jkykh|jo^vcp^q
uh|ykyocp^ r lFfdjZc£jkY«|h|ykcelFf"q r ^«Iciu^Sq%¦ ?©qZh5u%lvm"qo^%If\^m"u^jkY\^ r h|jkhHh|yk^qt^%g r lF]qohv]Hn"ge^ r qoce]f\gej.h|m\^






hvŁ\ge^6cem joY\^gecejo^ykh|jof\yk^¥jolcemIjo^yonLlFgph|jo^6hvm r qo]7l l|jkY joY\^ r h/j.h\¦ E<^ﬁqtf\Fv^Sq}jY\^%yk^¥jklf"qt^qon\gecpm\^











h|yk^lvyk^hvqolvm"h|Ł"ges5Fl l r If"h|gpc£j}s¥h|m r cem6n"hvytjkcpu%f\gphvy
jkY"h/jjoY\^0qkh|]7n\gpcpm\HCyo^%If\^m"us6cpqcpm;h r ^%If"h/jkcplvmcejoYﬁjoY\^,jkce]7^0u%lvm"qtjkhvmFjkqZlv#joY\^0qoceFm"h|g§¦
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rank (M) = nξ
cej]7^hvm"q,jkY"h/j
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E ^;u%lvm"qoc r ^%yHY\^yo^jkY\^ﬁn"yol r fujocplvm l|©«/hvm\cegpgpcemCyolF] «/hvm\cpgegpciuhvu%c r ŁIs jkY\^¨gphv]H^mFjklvf"q5Cf\m\Ff"q
®(¯v°%±L²³d²/´µ ¶°%·¸±"±T¹Fºk¹/´·¸±"µ ¶ GI( (J ¦;XZY\^6qonL^u%ce^Sq`cpmI«vlFge«v^ r cpm joY\ciq0Ł"celvjoy.h|m"qtClvyk]¥h/jocplvm n\ykldu^Sqoq0h|yk^
jkY\^©u%hvyoŁLlFm¥qtlFf\yku%^q 6A]¥h|gejolFqo^hvm r vgpf"u%lFqo^ 8 »vjoY"^m\cejoyklvv^m¥qolvf\y.u^ 6Ah|]7]7lvm"cef\] 8 »IlSwds F^%m»Fuh|ykŁLlvm
r cplWw c r ^F»FCf\m\Ih|gLŁ\cplv]¥hvqkqh|m r n\Y\^m\lvgpciu©ulv]7nLlvf"m r q 6C«/hvm\cpgegpcpu©hFuc r »I«/hvm\cpgegpcpm»I«|h|m\cpgegpciuh|giulFY\lvgLhvm r
]7^jkY\lWw s Y s r yol If\cpm\lFm\^ 8 ¦ XZY\ciqHyk^qof\gejkq5Cyklv] h ulF]7n\ge^%wqo^j7lv©yo^ShvujkcelFm"q GI(WﬃJ »P]7lFqtj7l|jkY\^%]
ŁL^%cpm\¥cegpgª m\lWmﬂ¦
XZY\^0n\yol\u^qkqZF^%m\^%y.h|gpgps¢n\ykldu^^ r qcpmﬁj}l6q}jk^%n"q¦  m?h7¨"y.q}j©q}jk^%n 6CY\ciu.Y?v^m\^%y.h|gpges6gphFq}j.qZjoY"^
¨"y.qtj r hWsdq 8 »vjkY\^Cf\m"vf"qPfqt^Sq&jkY\^©hW«/hvcegih|Ł\gp^qof\Ł"qtjoy.h/jk^q 6Cm"c£jkyolFv^%mﬂ»F]7hvgejolFqo^h|m r Fgef"u%lFqo^ 8 jolFyol/`¦
XZY\^`vykl/ZjoYciqh|^yolFŁ\ciu|»dhvm r joY\^yo^%Clvyk^lWwdsIF^%mcpqulFm"qof\]7^ r h|m r ~
2
n\ykl r f"u%^ r ¦
 m?h7qo^ulFm r qtjo^%n»\joY"^`Ł\cplFqos mFjoY"^qocpqZciqZjoykcpvF^%yo^ r c£jkY?h r"r c£jkcelFmﬁlvu%^%gpgelFŁ\celIqt^05Y\lFf\y.qZŁL^Clvyk^
u%lvmFjkcem f\lvf"q©h r\r cejocplvm¤l|z«/hvm\cegpgpcpuhvu%c r ¦©XZY\^%m?jkY\^Cf\m\vfqjoy.h|mq}ClFyo]¥qjoY\^5«/h|m"cegpgeciuhvuc r ^%cejoY\^%ycem
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ﬀﬂ^jf"qu%lvm"qoc r ^%yhH«v^ujklvy








Çl/ ge^%j0f"q0ulvm"qoc r ^%y,joY\^6qouh|gih|y'If"h|mIjocej­s
λT u(t)













h|yk^gpcpm\ªv^ r ŁIs¥h0gpcem"^h|yyk^%gih/jkcelFm¦XZY"^cp]7]H^ r cih/jo^©c r ^h0joY"h|jlFm\^©uh|m
Y"hW«v^`ciqZjkl¢u.Y\^u.ªY\^jkY\^%yyo^gph|jocplvm"qoY\cpn#6
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j /∈ {i1 . . . ik} 
 	 5¶¹|¯  	 ¹ λ ·i¶H¹W¶.¶%²°%·A¹ .¾ &·
	  	  k × nr ¶µº¥¹§´· K˜
 	I·C°	·i¶  	 ¶µº7¹ó´· 7¹F¾4² 
	,´o¹ ¶






·¸±T¹  â¯  0°k¹
λ˜
 	 k° ²|´`²Fº ¹|·¸±%.¾








·i¶°.¹  Ik¾  	  ´  ¿|´ ¶.¶·A²/±




























du(λ) ≤ d(λ)− 1 ¦
Ê¸ËÌÊ¸Í
 ¶§·7¹ó·A²|± ²







	d¹¹ I   ´±   <.°­²/´
λ
·i¶  Å 

Æ · ©·ó¶,¹/¶k¶%²°%·A¹ .¾
d(λ)×nr ¥¹§´·
K˜
¾v²ﬃ¶ﬁ±T²°.²/±+­¹/·¸± ·ó¶  ;¹|±"¯
k × nr ¶µº¥¹§´·  k < d(λ)   	d²W¶?´o¹/±	¤·i¶ﬁ±L² .µ²/´ 


µd· /¹ I%±/ â¯

· 
dim(KerK˜T ) = 1 

Á  \ﬃ1& ¬"lvyh7qolvf\m r «v^Sujklvy
λ
^,Y"hW«v^
d(λ) ≤ nr + 1
 m r ^%^ r » ceﬂcejZY"hvq
k ≥ nr + 2 m\lFm -^%ykl^%mIjoykce^Sq%»IjoY\^m6cejkqZhvqkqtl\ucih/jo^ r qtf"Ł\]¥h/joykcew K˜ ciq(h k×nr
qof\Ł\]¥h/jkyocew6Y\lIqt^,ge^%¸jªv^yom\^gcpqh/jge^Shvqtjl| r cp]7^%m"qocelFm?d¦
	    #$ 
ﬀﬂ^jf"qu%lvm"qoc r ^%yjoY"^5^w\hv]Hn"ge^5l|&jkY\^7ulv]7nL^jkc£jkcp«v^Fyol/ZjkY?lvm¤j­(lqof\Ł"qtjoy.h/jk^q G)(ﬀ5<J&Y\ciukY<u%lvf\g r
yk^%n\yk^qo^%mIjjoY"^Zn"yol r f"ujocplFm5l|Lgpcpn"hvqo^Cyklv]lvgpce«v^ZlvcpgdŁ s¤½z¹|±L¾/·A¾F¹5´µv¿I²W¶%¹/¦^%yk^(joY"^Z]7ciuykl lvykFh|m\cpqo]
ciqHqtf\n\nLlIqt^ r jol<vyklW lvm j}l qtf"Ł"q}jkykh|jo^Sq`jkY"h/j7hvyo^6n\ykl r f"u%^ r ŁIs jkY\^YIs r yklvgpsdqocpq0lvh¤n\ykcp]7hvyos









































































































































































 0 0 k70 1 1
0 k5 k9























































































	;¹H¶ {ui1 . . . uik}
·i¶©¶%²/µd±T¾7· `¹|±L¾¢²|±	â¯¥·   	 
ui
¹/´ 




	 ³¶%µ"¾v² ¶ ²/·A°	F·ó²ó´·A°¥¹§´· (













   Å ; Á W Â
 
©µ ¶¢°k²|±\¶·A¾4%´¹;¶ {ui1 . . . uik}
¹/¶k¶%²°%·A¹ k¾&·




















º¯ ´ ¥²S·¸±I¿  	 
lth







λ′ijuij (t) = 0
 ²/´
l ∈ {i1, . . . , ik}  

   ÅÅ%$  ce
λ
ciqm\lvjHqtlFf\m r »&c£jH]7^h|mq0joY"h|j
dim(KerK˜T ) > 1 ¦ XZY\^%yk^Clvyk^¥joY\^yo^6^%w ciqtjkq5h/j









uij (t) = 0
ClFy




























































I`µ ¶¾ ±T² ¤º¯ S  	 ¶0²·¸±L¾/·A° ¶ j ¶.µ"°	 
	d¹ λ˜j ·i¶
W±L²&± 



























	  	  #$)-2ﬃ)345ﬀﬁﬃﬂ ﬀ/!0#.4
K
T

























































v(t1) . . . v(tN )





































































 	 5ºo¹/¶·i¶ ¥¹v¾ 0²   	  P´.¶ 
nξ −nr ·¸±T¾4}³%±L¾4%±/ <.° ²|´.¶ λi ·i¶,°k¹I.¾ 	 ¶²|µd±L¾
´±   ºo¹/¶.·i¶ 































































nξ × nr .µ´o¹/±	7¹ó´· &· 	 nξ > nr 





¹|´ ¢¶%¹|·A¾ ­²<º ½ ­·A¾4%±+§·  ¹Fº I· 6¹/±T¾²|±	â¯?· 
 	 %´   v·i¶ó¶6¹<±L²|±\¶·¸±I¿vµe¹/´0³d¹|´ó·§·A²/±
(Ka, Kb) 

















	 ³¶%µ"¾v² ¶ ²/·A°	F·ó²ó´·A°¥¹§´· (S






nξ × nr .µ´o¹|± ¥¹§´· &·
	 nξ > nr 
  	 0µd±	S±T² &±  ) %±+ kij
² 
K
·i¶,·A¾ ±/ó·  (¹Fº I5·   	 %´  F·i¶A¶0¹
k × nr .µ´o¹/±	5¶µº¥¹§´· Ka  &· 	 k ≤ nr   	F·A°	?¾F²ﬀ¶














rank (Ξ) < k + 1









   ÅÅ%$  
k + 1 > rank (Ξ)
»jkY\^%m





λT Ξ = 0
¦
E<^`Y"hW«v^joY\^yo^%Clvyk^

























































































































ciql|zy.h|m\ª (v»Th|m r «v^yoce¨"^qjoY\^HulFm r cejocplvm
















   Å ; Á W Â '  	³"¶%µ"¾v² ¶­²/·A°	F·A² §´·A°¥°k²ﬀ ¼°·
%±+
kij
·i¶¥½ ­·A¾ ±/ó·  (¹Fº I5· 0¹|±L¾6²|±	â¯¢· ,·Z°.¹/±
º 5°.²©³µ k¾ .´o²*¹/±"¯6°.²¢º·¸±L¹§·A²/± ²,¶%²/µd±T¾ %´±%  k°­²/´.¶ 

 mjoY"^`n\yo^« celFf"q(^w\hv]7n\ge^,lv^%If"h/jkcelFm 6ó 8 » jkY\^0qolvf\m r ªv^yom\^gŁ"hvqociq(lv
KT
(hvq
λ˜ = (0, −k31, 1)T
 jZClFgegpl/q(joY"h|j
k31
cpq©~P§c r ^mFjoce¨hvŁ\ge^0h|m r joY"h|j
k11
cpqm\lvj©~P c r ^mFjkc£¨hvŁ\gp^v¦
	  -ﬃ) *+2)$4 ﬀﬃﬂ    -  4)$* ﬂ)$4 (!0)3* *(	






























































	   !ﬃ 








































































= K¯ r¯(ξ, ψ) +D(ξin − ξ)−Q(ξ, ψ), 6 ( 8
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 u1 = −c
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 u3 = −c
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